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We show that single-mode nonclassicality of the output of an optomechanical cavity and the non¬ 
causal linear optical response of this cavity emerge at the same critical cavity-mechanical coupling. 

In other words, single-mode nonclassicality emerges when the barrier (in electromagnetism) avoiding 
faster-than-light communication is lifted off. The nature of the emergence of noncausal behavior 
does not depend on the length (boundary conditions) and the type of the cavity. Origin of the non¬ 
causal behavior is the temporal/frequency relations between the incident and reflected waves at the 
outer surface of the cavity. We further discuss the relations with the recent studies; (i) equivalence of 
the entanglement among identical particles to the nonclassicality of their quasiparticle excitations, 

(ii) necessity of superfluid behavior of vacuum, and (iii) entanglement-wormhole equivalence. 

PACS numbers: 03.67.Bg, 03.67.Mn, 42.50.Dv, 42.50.Ex 


I. INTRODUCTION 

Aharonov et al. classified the emergence of superlumi¬ 
nosity into two distinct cases [ 1 ] , more than four decades 
ago. They showed that field (theory) equations sup¬ 
port both causal and noncausal types of superluminos¬ 
ity. For a Lagrangian of causal category, group velocity 
Vg > duj/dk > c may display superluminal (SL) propaga¬ 
tion. 

In causal case, action of the source remains in the light- 
cone [ 1 ], even though pulses exhibit superluminal prop¬ 
agation. The consequences of causal SL propagation are 
best demonstrated in the groundbreaking experiment [ 2 ] . 
In this experiment, signal reaches the detector faster than 
the propagation of light in vacuum (c), after traversing a 
dye solution. However, a recent experiment [3] showed 
that observed [ 2 ] SL propagation is misleading in the 
sense that observed SL pulse peak is an analytical con¬ 
tinuation of the eariler portion of the input pulse. In 
addition, we showed that [4] velocity measurements cal¬ 
culated in Ref. [ 2 ] are not reliable on their correspondence 
to a real physical flow, within purely mathematical con¬ 
siderations. 

Different than the causal one, in the noncausal super¬ 
luminosity case, action of a source can propagate out¬ 
side the light cone [T]. In this case, solution at later 
times is not always determined by the initial (earlier) 
time. Superluminal communication of the source and 
the potentials [5] manifests itself with a refractive index 
n{uj) whose nonanalyticities shift to the upper-half of the 
complex-cj plane, see Sec.[^ Electric and magnetic fields 
exhibit noncausal connection for this type of refractive 
index. One knows that classical theory of electromag¬ 
netic fields complies with the special theory of relativity 
[IllH]. In parallel with the electromagnetic theory, order 
of events may change in superluminal reference frames 
according to special theory of relativity [9]. 


Recent studies HDHIS] revealed an exciting connection 
between two theories working in two different regimes, 
general theory of relativity and quantum mechanics. Two 
quantum-entangled particles in 3-dimensions and two 
particles connected with a wormhole in 4-dimensions 
re equivalent descriptions of the same physics mHia. 
Therefore, action of one of the two entangled particles 
can propagate out of the light cone (even though uncon¬ 
trolled [14]) in both pictures. 

Discussions of Liberati and Maccione [m He] shifts 
the scientific curiosity to another medium, to the con¬ 
stituents of space-time. Observation of the absence of 
damping of high-energetic photons from Crab Nebula 
m signals the superfiuid behavior m of constituents 
(ensemble) of space-time, if they existed. In our re¬ 
cent study [18], we demonstrate that; nonclassicality of 
a single-mode photon field can be visualized as the en¬ 
tanglement of the vacuum (the constituents) generating 
these photons (as quasiparticle excitations). More ex¬ 
plicitly, Holstein-Primakoff transformation [mini on the 
symmetric Dicke states of an ensemble of identical par¬ 
ticles [m [22] maps the A/'-particle (collective) entangled 
states onto the single-mode nonclassical (e.g. squeezed) 
states. In this manner, if constituents of vacuum exists, 
they should be in an exchange symmetric state. We know 
from Bose-Einstein condensates (which are forced to be 
in symmetric states) that, interaction in such ensembles 
produces coherence (superfluidity), not damping (see p. 
2 in Ref. [23]). In Holstein-Primakoff mapping these in¬ 
teractions (entanglement) produce nonclassicality in the 
photon field. 

In this paper, we demonstrate a further interesting con¬ 
nection. An optomechanical cavity produces nonclassical 
single-mode outp ut bey ond a critical cavity-mechanical 
coupling g > with and 7 ^ are reso¬ 

nance and damping rate of mechanical oscillator and 7 c 
is the damping rate of the cavity. We raise and investi- 
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gate the following question. One can place this optome¬ 
chanical cavity as an optical component into a photonic 
device. What is the index n{uj) of the dielectric mate¬ 
rial replacing this optomechanical cavity in any optical 
setup? So, we model the index of the optomechanical, for 
any frequency cj, by examining the reflected/transmitted 
components of the incident light [241426] . see Fig. 

We reach a very interesting consequence. The nonan- 
alyticity of n(co’) moves to the upper-half of the complex- 
uj plane at the same critical cavity-mechanical coupling, 
^crt — ‘^\/lrallc where nouclassicality (e.g. squeez¬ 
ing) of the output light introduces, see Fig. More¬ 
over, nature of existence of noncausal n{uj) is independent 
from the choice of length (boundary conditions [2714^ ) 
or type of type (two-sided or single-sided) of the cav¬ 
ity. We also observe that nouclassicality and noncausal 
behavior emerge at the same critical coupling, when 7 ^ 
and 7 c are varied. 

We are aware that, in typical experiments on optome- 
chanics [32] effective coupling g is increased by deriving 
the field with a coupler laser. That is cavity is an active 
medium. On the other hand, in gener al, no p hysical rule 
restricts obtaining strengths of ^ without 

use of a coupler laser. Additionally, g > ‘^yTm/lc 
(for effective detuning A = ujm) corresponds to a per¬ 
fectly stable regime of the optomechanical system, which 
is 3 orders small compared to instability g > gpT — 
[33l[34|. 

Occurrence of i) such a relation between quantum 
optical treatment and classical electromagnetic theory 
[n(co’)], combined with ii) single-mode nonclassicality im¬ 
plies the entanglement of constituent identical (symmet¬ 
ric) particles at different positions m, iii) entanglement 
is equivalent to a shortcut wormhole [TQHI3] . iv) ideas 
of Ref. [T5j |T6] on the structure of space-time, v) inter¬ 
action of symmetrized particles do not lead to damping 
[23] , and vi) equivalence of noncausal behavior to the lift 
of barrier on faster-than-light communication of source 
and potentials (see Sec. |IV[ ); naturally leads one to raise 
the following question. Is nonclassicality the superlumi¬ 
nal communication of different positions of vacuum due 
to entanglement? This behavior may lead to violation of 
causality among the electromagnetic fields on the reflect¬ 
ing surface of the cavity. 

The paper is organized as follows. In Sec. [IT] we in¬ 
troduce the basics of an optomechanical system. We ob¬ 
tain reflected and transmitted wave amplitudes via classi¬ 
cal (c-number) version of Langevin equations, using the 
method introduced by Agarwal and Huang [24ll26] . In 
Sec. |III| we determine the refractive index n{uj) describ¬ 
ing the behavior of optomechanical cavity if it is used 
as an optical component. We show that emergence of 
noncausal behavior of the index is a phenomenon in¬ 
dependent of the choice of length and the type of the 
cavity. In Sec |IV[ we briefly show that emergence of 
noncausal behavior, in classical electromagnetic theory, 
is followed by the lifting off the barrier on faster-than- 
light source-potential communication. In Sec. |V| we 


investigate the quantum optical features of the output 
fields. In Sec. IZH we introduce the meas ure for the 
single-mode nonclassicality [35]. In Sec. VB , we use the 


second-quantized Langevin equations and determine the 
time evolution of output fields, within the presence of 
noise. Hence, we determine the nonclassicality of out¬ 
put fields. In Sec. |VI[ we show that nonclassicality of 
the output fields and noncausal behavior of the linear 
response (refractive index) emerge at the same critical 
cavity-mechanical coupling for different values of 7 ^ and 
7 c. In Sec. m we discuss the connections with other 
recent studies. 


II. REFLECTION AND TRANSMISSION 
THROUGH AN OPTOMECHANICAL CAVITY 

In this section, we briefly describe the physics and pa¬ 
rameters of an optomechanical system. We introduce the 
second-quantized Hamiltonian governing the dynamics of 
the system. We obtain the quantum Langevin equations 
by introducing the input-output formalism (not noises) 
into equations of motion. In the present section, we are 
interested in the classical and linear behavior of reflected 
and transmitted waves though the cavity. Hence, we re¬ 
place the second-quantized operators with amplitudes (c- 
number). Second-quantized quantum approach will be 
carried in Sec.|V| where we are interested in the nonclas- 
sical (entanglement) features of the fields. 

For the purposes of our solutions to be more accessible 
(physically explicit), we use the input-output formalism 
in proper physical units, e.g. field operators are not in 
units of 1 /[frequency] or coupling is not given 

in Chapter 9 of Ref. [38] and derived more explicitly in 
Ref. [39]. 

An optomechanical system consists of an optical cav¬ 
ity and a mechanical oscillator, placed into the cav¬ 
ity, with typical resonance frequencies (uJm) above MHz. 
The cavity field (frequency ooc) -driven by an external 
strong source (cjl), also called coupler- interacts with 
the mechanical oscillator via radiation pressure Hamil¬ 
tonian hgoc^cxm- Cavity-mechanical coupling introduces 
squeezing (nonclassicality) [33] [36] [37] in the cavity and 
the output fields. Mirror(s) of the cavity are partially 
transparent with typical damping rates of 7 c ~ 0.1 x ujm- 
The damping of the mechanical oscillator 7 ^ is in the 
order of Hz only, that is 7 ^ « 

In addition to the strong coupler field the cavity 
field is driven with a weak probe field of frequency ujp. 
The presence of the coupler field only for the purpose of 
increasing the effective coupling between the probe and 
the mechanical oscillator. The second-quantized Hamil¬ 
tonian in the rotating frame with the coupler field fre¬ 
quency cjl can be written as [24] 

ii = fi.Acc'I'c + hUmalnCim “ Hgoc^cqm + ihgcaL{c^ - c) , 

( 1 ) 

where c and am are the annihilation operators for the cav¬ 
ity field and the phonon field of the mechanical oscillator. 
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FIG. 1: A mechanical oscillator of frequency ujm ~MHz is 
placed in an optomechanical cavity. Cavity has two semi¬ 
transparent mirrors with damping rate 7c ~ 0.1ct;m for each. 
Cavity is pumped with a strong coupler laser (not shown) to 
increase the effective cavity-mechanical coupling. The weak 
probe field, incident from the left side (e/), creates a reflected 
(sr = (aout(t))) and a transmitted (er = (^out(t))) wave 
through the cavity, (a) In order to obtain information on the 
linear response of the cavity, we assign a refractive index n((ju) 
to the cavity. We find n((ju) using the reflected/transmitted 
waves determined from Langevin equations. Noncausal lin¬ 
ear response emerges also for single-sided cavity, similarly at 
gcrt ~ 2y/'yrnli^^ duc to the noncausal matching of the in¬ 
cident/reflected waves in the same medium (vacuum), (b) 
For investigating the quantum entanglement (nonclassicality) 
features of the reflected/transmitted fields, we include noises, 
Sdin, Sdout and Sbout, into the Langevin equati ons. O utput 
fields become nonclassical at the same pert ~ 


respectively, = (dj^ + d^)/v^ is the displacement op¬ 
erator for the mechanical oscillator. = ooc ~ and 
Ap = cjp — cjl are the frequencies of cavity and probe 
fields in the rotating frame, po = ^cQo/L is the strength 

of cavity-mechanical coupling, with uq = is the 

harmonic oscillator length for the mechanical oscillator. 
|ctLp is the the number of photons in the strong cou¬ 
pler field and pc is the coupling of the cavity (via semi¬ 
transparent mirror) to the coupler driving field, pc is 
related with the cavity damping as 7c = TiD(ujc)g‘i^ see 
Eq. (9.1.14) in Ref. [38] and Ref. [39], where D{uJc) is the 
density of states at the cavity resonance cjc- Neither pc 
nor D{ujc) will enter the final results of the calculations. 

Including also the probe field, with |(apP number of 
photons, Langevin equations take the form [SUES] 


Qm — ^mPm 5 

Pm ~ 'JmPm ^mQm T ^ 1 

c= iAc)c + igoqmC + + gcC^pe~''^p^ , (2c) 

where probe field ap is very small. Total damping rate is 
K = 27 c for two-sided and k = jc for single-sided semi¬ 
transparent cavities, respectively. Reflected and trans¬ 
mitted waves (see Fig. Q, induced by the probe field, 
can be determined by the input and output relations 

aout{t) = -ain(t) + 27rD{uJc)gcc{t) , (3a) 

bout{t) = 27rD{uJc)gcc{t) , (3b) 


where dout(^) = reflected wave ( sr ) and 6out(^) = trans¬ 
mitted wave {st)- 


In determining the reflected/transmitted amplitudes 
for the incident probe field ape~^^p^ ^ Deltap = ujp — 
cjl: we only consider the classical features of the fields. 
We replace c ^ o^c, dm OLm and ignore the quantum 
aspects of the correlations, e.g. (pmc) = {gm){c) [211 
[25]. If one examines the steady states of the oscillations 
in Eq.s (2a)-(2c), he/she can find that and e'^^p'^ 

oscilations are induced in the first order [24H26] (for small 
eXp ) as 


= go + g+o^pe ^^p^ + q-ale^^p^ , (4a) 

Pm = Po + p+ape~'^^p^ + p-ale'^^p^ , (4b) 

c = Co + c^ape~'^^p^ + gc — a^^e^^p^ , (4c) 


where qm{t) = [amitfl + am{t)]/V^ and g^(t) = 

i[am{t)* — am{t)]/V2 are displacement and momentum 
for the mechanical oscillator. We note that co,±, go,± and 
Po ± are all in dimensionless (scaled) form in Eq.s (4a)- 


In order to obtain the linear response of the cavity, we 
insert Eq.s (4a)-(4c) into Eq.s ([2a|)-(2c), with c <ac(0- 
We obtain equations for co,±, go,± and po,± by equat¬ 
ing the terms oscillating with and nonoscillating 

terms. We ignore similar to Ref.s [24U26] . since 

we are interested in the linear response and ap is very 
small. Reflected and transmitted waves, oscillating with 
probe frequency as e~^^p^ ^ are determined to be 


= [-1 + 2T:D{ujc)gcC+\^i (5a) 

eT{t) = 2TTD{ujc)gcC+\ei (5b) 


using the input-output relations in Eq.s (3a) and (3b), 
with dimensionless coefficient is 


i(ATAp)](Ap + iym^p) '^^m|g| ) Pc 

[(k - iAp)2 + A2](A2 - + i'Tm^p) + 2a;mA|5|2 ‘ 

(6) 

Here, p = poco is the effective coupling with |cop is the 
number of photons in the cavity field at the steady state. 
Hence, presence of the strong coupler field (ap) enhances 
the effective cavity-mechanical coupling several orders of 
magnitude in typical experiments [32] . Effective detuning 
A = Ac — pogo is obtained from steady-state equations. 
Damping rate is k = 2jc and k = jc for double-sided 
and single-sided cavities, respectively. Eor the case of a 
single-sided cavity, = 0 in Eq. (5b) and eR{t) remains 
unchanged in Eq. (5a). 


It is important to note the following. In deriving 
Eq. (|^, using Eq.s (4a)-(4c), we ignored terms. 

This corresponds to performing rotating wave approxi¬ 
mation (RWA) in Eq.s (2a)-(2c). 
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III. CORRESPONDING REFRECTIVE INDEX 

n{u) 

In this section, we investigate the following question. 
One may place the optomechanical cavity in a photonic 
devices. We would like to know the linear response of 
this cavity. What is the refractive index n{uj) corre¬ 
sponding to this cavity, which generates the same re¬ 
flected/transmitted pulses for a random probe field? We 
determine n{uj) using the continuity of electric and mag¬ 
netic fields at the cavity interfaces. We reach an in¬ 
teresting result. Nonanalyticity of n{uj) moves to the 
upper-half of the complex-cj plane when effect ive cav ity- 
mechanical coupling exceeds g = qqCo > 2 ^/ 7 ^//^ 

This implies the noncausal behavior of the fields. 

Linear response of the cavity can be determined using 
four matching conditions for the fields. At the interfaces, 
parallel components of the total electric field and the 
magnetic field iLy must bn continuous [ail], see Fig.[^ 
Ratio of dielectric and magnetic permeabilities is deter¬ 
mined to be 

^ ^ -{sr - 1)^+7 
M i^R + 1)^ “ 7 


there is only incident and reflected waves through a semi¬ 
transparent cavity mirror m- Similar to Eq. (§ , c+ ap¬ 
pears in the denominator of e/g. Therefore, noncausal 
behavior occurs at a single spatial position, that is on at 
the outer surface of the reflecting cavity. 

In Fig. Hk we plot the imaginary part of the third 
root of Eq. (1^, Im{Ap^^}, for different values of cavity- 
mechanical co upling g = goCQ. We observe that, for 
9 > 9c ^ 2\/7m//^ nonanalyticity the refractive index 
moves to upper-half of the complex-cj plane. Hence, lin¬ 
ear response of the cavity (output fields) becomes non¬ 
causal and the barrier on the faster-than-light source- 
potential communication is lifted off, see Sec. |lv| In¬ 
terestingly, Fig. It reveals that at the same g, output 
field becomes single-mode nonclassical (see Sec.|^. This 
implies the entanglement of the background particles - 
whose quasiparticle excitations the photons are- which 
makes the instantaneous communication of different spa¬ 
tial positions possible. 

IV. SUPERLUMINAL SOURCE-POTENTIAL 
COMMUNICATION AND VIOLATION OF 
CAUSALITY 


where 5 = Sr/sj and Sr = ErE^^ jsi. Using Eq. (5a), 
(5b) in Eq. ^ and introducing the dimensionless quan¬ 
tity r = 2'KD\ujc)gci numerator and denominator of e//i 
becomes 


e —(rc+— 2)^ + 

/i r^(l — 

e//i becomes noncausal if c^, in the denominator, has 
a zero in the upper-half of the complex-cj plane. Since 
the denominator of c+, given in Eq. ([^, is canceled in 
Eq. (§, roots of the numerator of c+ 

[/^-i(A +Ap)](Ap-hi7mAp) - iujm\g\^ =0, (9) 

that are determine the positions of the nonana- 

lyticities of e//i. If one of Im{Ap^’^’^^} is in the upper-half 
of the complex-cj plane, linear response of the cavity ex¬ 
hibits noncausal behavior. 

We note that emergence of noncausal behavior is inde¬ 
pendent from the length of the cavity (L) and wavevector 
of the incident probe, k. When the length of the model di¬ 
electric slab varies from the actual cavity size, noncausal 
behavior ine/g [Eq. remains unchanged. Hence, non¬ 
causal behavior originates due to the temporal/frequency 
relations among the incident and reflected/transmitted 
waves, not due to boundary conditions [28l[29]. One can 
also show that same condition occurs similarly for index 
n{Ap) = yT/i, that is 

Im{A^^’^’^^} >0 ^ 'n{Ap) is noncausal. (10) 


In this section, we briefly summarize how a refrac¬ 
tive index, with nonanalyticity in the upper-half of the 
complex-ci; plane, allows faster-than-light communication 
of the source and potential. 

If any of the response functions conn ecting the electric 
and magnetic fields, e.g. D = for Eq. (|^, has 

nonanalyticity in the upper-half plane; then the two fields 
has a noncausal connection [8]. The amplitude of D{f) is 
determined not only by the past, but feature of the H(t') 
fields, t' > t. For example, D{uj) = e{uj)E(uj) leads to [8] 

/ oo 

dt’g{tR)E{t') ( 11 ) 

-00 

where response function 

/ oo 

( 12 ) 

-OO 

must vanish for t' > t in order to avoid violation of causal¬ 
ity in Eq. ( [IT] ). For < t, Fourier term in Eq. ( p!^ be¬ 
comes e^^l^with T = t — t' and |r| positive. Integral 
in Eq. ( p!^ can be calculated by choosing the integration 
hop on the upper-half of the complex-cj plane |8] , that is 
uji = Im{c(;} > 0, since vanishes on the infinite 

circie of the upper-haif piane. Hence, if e(cc;) has a non- 
anaiyticity in the upper-haif piane, vioiation of causaiity 
in the reiation connecting the fieids emerges. 

Similariy, nonanalyticity of e{(jj) or refractive index, 
implies the possibility of faster-than-light propagation 
of disturbnace from the source to potentials at distant 
points. Retarded Greens function [8] 


Interestingly, the same behavior is obtained by consid¬ 
ering a single-sided cavity. In this cavity type, k — 


G^+^(r,t; r',F) 



AkR 


^duj 


(13) 


R 
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connects the source p(r',t') and potential ^(r,t) as 

^(r,t) = J j t; r', t')p(r', (14) 

with R = |r — r'l and r = t — t'. Wavevector is related 
with refractive index as /c = n{uj)uj/c. Analyticity of 
n{uj) in the upper-half of the complex-ci; plane avoids the 
source-potential communications above the speed of the 
light, that is 


GW(r,(;r',t') = Go«(j-!^) (15) 

with 0 is the step function. However, if n{uj) has nonana- 
lytical behavior in the upper-half of the complex-cj plane, 
disturbance of source can affect potential faster than the 
speed of light. 

Therefore, faster-than-light communication of poten¬ 
tial with the source and violation of causality among 
electric/magnetic fields, Eq. ( [T^ and Eq. ( [T^ , have the 
same mathematical origin. This is the nonanalyticity of 
the refractive index (response functions) in the upper- 
half of the complex-cj plane. 


V. NONCLASSICALITY OF THE OUTPUT 
FIELDS 

In the previous section, we examined the semi-classical 
behavior of reflected and transmitted waves through an 
optomechanical cavity. We arrived to the noncausal 
matching of the incident and reflected waves. In this 
section, we investigate the quantum optical features of 
reflected dout(^) and transmitted 6 out(^) waves. We de¬ 
termine the behavior of cavity c and output fields using 
the Langevin equations for noise operators. By deducing 
(^out(^)) (^lut(^)^out(^)) we determine the nonclassi- 

cality of the (e.g.) reflected field. The measure/criterion 
we use [35] is adopted from Simon-Peres-Horodecki two¬ 
mode entanglement [4TH43] and both a necessary and suf¬ 
ficient criterion for Gaussian states [33] . 

We fins the critical cavity-mechanical coupling where 
nonclassicality emerges. This comes out to be in the same 
value Qcrt = with the emergence of noncausal 

behavior of reflected/transmitted waves. In other (and 
more explicit) words, single-mode nonclassicality emerges 
at the same critical coupling where the barrier avoiding 
the faster-than-light source-potential communication is 
lifted off. 


A. Single-mode nonclassicality measure 


[35] . we combine this result with the two-mode entan¬ 
glement measure |42l|43] for Simon-Peres-Horodecki m 
criterion. The very details and examples on squeezed 
states and superradiance can be found in Ref. [35] . 

Since two-mode entanglement measure/criterion |42l 
l43] is both a necessary and sufficient condition for Gaus¬ 
sian states, the single-mode measure/criterion is also a 
necessary and sufficient condition for Gaussain state. 
Optomechanical systems exhibit almost Gaussian states 
[33] when cavity-mechanical coupling strength is much 
below ^PT = v^AcJ^, where an instability takes place. 
Such transitions change the nature of the state abruptly 
miss] from a Gaussian behavior. 

We briefly summarize the measure [35] for nonclassi- 
cality of a single-mode state. We use the beam-splitter 
transformations lig EH to relate the elements of the 
two-mode covariance (noise) matrix Vij, e.g. V 14 = 
{xip 2 +P 2 ^i)/ 2 , to the noise elements of single-mode 
state, (d^) and {a'^a). For example, off diagonal element 
is related as 

Vi 4 = ^{xiP2 + P2X1) = . 

(16) 

So as, we determine all elements of two-mode covariance 
matrix Vij in terms of only (d^) and (d’^'d). Once we 
determine the Vij matrix, we calculate the symplectic 
eigenvalues [42l |45] 

^ {<x{V) ± {[aiV)f - 4detiV)Vy^^ , (17) 

to find the logarithmic negativity 

= max( 0 , — ln(27^“)) . (18) 


measures the degree of two-mode entanglement gen¬ 
erated at the beam-splitter output by a single-mode in¬ 
put state, (d^) and (d'^'d). The function cr{V) in Eq. ( [l7| ) 
is calculated as cr{V) = det(U^) + det('\4) — 2 det(VCG, 
where Wi, W, Vnic are 2 x 2 matrices with Vij is written 
in the form 


V = 


\Vm 

V^ 

_ me 



(19) 


B. Time evolution of cavity output field 

We determine the time evolution of cavity noise oper¬ 
ators {6c = c — (c)) using the standard methods [33l |48| 
for the input-output formalism of an optomechanical cav¬ 
ity. Output field modes ddout(^) and 6bout{t)^ see Fi g, hj 
are related to the cavity mode c{t) as in Eq.s ( |3a| ), ( [3^. 
Langevin equations for noise operators transform to [33] 


Vogel and Sperling mi Eg showed that, i) the rank 
of two-mode entanglement, a single-mode field generates 
at the output of a beam-splitter, is equal to the ii) num¬ 
ber of terms needed to expand this single-mode state in 
terms of classical coherent states. In our recent study 


6Qm — ^m6pm i ( 20 a) 

^Pm — ^m^Pm ^m^Qm T 9o{^ cr^dc^) “h ^m^in(^) 

( 20 b) 

6c = -{k + iAc)6c + igoas6qm + gc6ain{t) , ( 20 c) 
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where as = (c) is the cavity field amplitude at the 
steady-state and also equal to = cq which is in¬ 
troduced in Sec. [TTj In fact, other steady-state values 


are also the same with Sec. |nj </« = (qm) 
Ps = {Pm) =Po- Here, 

= (/o and 

^ n 

(21a) 

k 

(21b) 

are dimensionless [38] [39] mechanical and vacuum noise 
operators whose expectations are 

(ein(i)ein(i')) = - t') 

(22a) 

{Sain{t)dain{t'£) = 2TrD{u)c)S{t - t') 

(22b) 


with p{uJm) and D{ujc) are the density of states of 
pho nons and photons, respectively, at the resonances. In 
Eq. ( |2Qb[ ) , Pm is the coupling of the mechanical oscillator 
to the phonon reservoir and related to mechanical damp¬ 
ing as ^rn = similar to the cavity damping 

7c = TTD{uJc)gl- 

Introducing the quadratures 8Xc = -t- 

8c)l\f2 and 8Yc = i{8(^ — 8c)l\f2 and ar¬ 
rays U = [6qm Sprn SXc and fXin = 

[0 Qm^in gcdXin gcSXinf, Langevin equations 
can be put into a matrix form 

u{t) = Au{t) -h Ui^{t) (23) 


with 


0 

idm 

0 

0 


Tm 

V^9r 


-V^9i 

0 

-7c 

A 

-V^9r 

0 

-A 

7c 


(24) 


qr = Re{goas} = Rej^foCo} and gj = Iml^foaJ = 
Imj^oCo} and effective detuning is A = Ac — goQs- 
Eq. ( [2^ has the solution 

u{t) = M{t)u{0) + f dt'M{t')uin{t — t') (25) 

Jo 


where M(t) = If \g\ is in the stability regime, \g\ < 
a/u;^A/2 « uJmlV^ for A = ujm and g < ^ 4 x 

], real parts of the eigenvalues 
00 the terms e^^'u(O) 


for A = — 

of A are all negative. Hence, for t 
in Eq. (25) vanishes. 

The noise of output field operators can be calculated, 
e.g. the reflected one, 

(«LtW) = (( -Sain{t)2TTD{uc)gc5c{t) f) . (26) 


Hence, one needs the evaluation of second moments of 
the quadratures like 


4 4 i 

{X{t)Y{t)) f 

^1 = 1 ^2 = 1 


dsMur {t - s)M4i^ {t - s) 
(27) 


are required as t ^ oo. In Eq. ( [^ , we defined 
{nn,£As)uin,£ 2 {s')) = f O whcrc the Dirac- 

delta function of Eq.s ( |22a| ), ( |22b| ) has dropped one of 
the integrals in Eq. Nonvanishing values are, 

p22 = 7m, /333 = PiA = 7c and /334 = /343 = Sc- 

Eortunately, integral in Eq. (27) can be calculated an¬ 


alytically using the linear algebra trick 

A = PDP-i ^ M(t) = = Pe^^p-'^ 


(28) 


where P is the transformation diagonalizing (D) the evo- 
lution matrix A. 


Placement of second moments -of the form of Eq. (27 )- 


into Eq. (26) shows that {5din8c) = {5c5dirJ) = 0 vanishes 
for the equal time correlations. Hence, one obtains the 
relations 


(«LtW> = 2TTD{LOc)gc{5c^{t)), 


(29) 


«Lt(i)«out(f)) = 2wD{uc)gc{Sc'{t)c{t)) . 




(30) 


Therefore, considering the necessary and sufficient 
single-mode nonclassicality criterion [35] |(d^)| > {d^d) 
-which is adopted from Duan-Giedke-Cirac-Zoller crite¬ 
rion [49]- one can arrive that output fields and cavity 
field become nonclassical at the same critical coupling. 
In other words, the coefficient 27rD{uJc)9c^ in Eq.s (29) 
and (30), does not affect the nonclassicality feature. 


To summarize: i) Eor determining the degree of non¬ 
classicality we only need (dQ^^(t)) and (dQ^^(t)aout(^))- 
ii) dout depends on c(t), so we obtain the time evolution 
of the cavity field c{t) using standard form for (noise- 
added) Langevin equations |33l |48| . iii) We relate second 


moments of dout to c(t) as given in Eq.s (29), (30). iv) We 
calculate the second moments at t ^ oo by Eq. (25) [33l . 


v) We put these two moments into the covariance matrix 
(H^ and calculate the degree of single-mode nonclassi- 
cality using Eq. (18). The inconvenience in using a para¬ 


metric pump approximation is, the emergence and degree 
of the entanglement becomes sensitive to the phase of the 
coupler field ctL = see Eq. (13) in Ref. [50] and 

Ref.s [5TH53]. Hence, we also maximize with respect 
to d, as described in figure 1 of Ref. [35] . 


VI. MUTUAL EMERGENCE OF 
NONCLASSICALITY AND VIOLATION OF 
CAUSALITY 

In Sec.[V| we presented the method for determining the 
nonclassicality degree of cavity output modes. In Sec.[H| 
we investigated the linear response of this optomechan¬ 
ical cavity by examining the incient and reflected waves 
at the front interface of the cavity. (Please note that, 
in a single-sided cavity noncausal behavior emerges with 
the same conditions.) In this section, we compare the 
behavior of nonclassicality degree and noncausal be¬ 
havior of the refractive index n{uj) for the same cavity- 
mechanical coupling g = goCQ. 
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In Fig.[^ we plot the steady-state behavior of the non- 
classicality degree E^{t = oo) for increasing values of 
cavity-mechanical coupling g = goc^. We observe that, 
for g > ~ ^ (with g^f^^ determined em¬ 

pirically) output field becomes nonclassical. Surprisingly, 
at the same critical coupling, imagi¬ 

nary part of one of the 3 roots of c+ =0, Eq. 


moves 


to the upper-half of the complex-ci; here) plane, see 


Fig. As can be seen from Eq. (|^, if c+ has a non- 
analyticity in the upper-half of the complex-cj plane, the 
response function e/g (and also refractive index) exhibits 
noncausal behavior. This removes the barrier on the 
faster-than-light communication of the source and po¬ 
tential, see Sec. El 

Hence, single-mode nonclassicality (collective entan¬ 
glement of identical particles generating the single-mode 
quasi-excitations [18]) and possibility of faster-than-light 
communication in classical electromagnetism emerges at 
the same same critical coupling. In Eig. ??, we show that 
the two couplings, emerges at the same 

place for different 7 ^ and 7 c. 

In Eig.[^, we multiply the cavity-mechanical coupling 
by a factor of 2 . Because, for the sake of deducing the 
linear response, see Sec. [n|and Ref.s [24H26] . we omitted 
the oscillations which occurs due to nonlinear¬ 

ities induced by cavity-mechanical interaction. This is 
equivalent to performing a rotating wave approximation 
(RWA) on the small oscillations c ±, q± and p± [54] . 

Is is a well known situation that a Hamiltonian on 
which a RWA is performed display the same critical phe¬ 
nomenon for 2 times stronger coupling compared to a 
Hamiltonian without RWA, see 2 ^*^ paragraph in the sec¬ 
ond page of Ref. m and Ref.s [55||56]. Comparison of 
classical and quantum (entanglement) features poses fun¬ 
damental difficulties. In order to obtain the linear (classi¬ 
cal) response in Sec.|^one needs to ignore oscilla¬ 

tions, or deal with them as nonlinear polarization. Hence, 


we cannot mimic the time evolution matrix A in Eq. 24 


One can try to par for m a RWA ( for (5c, Som) in the quan¬ 
tum picture, in Eq.s ( |2Qa[)-( 2Qc), in order to mimic the 
classical approach of Sec. |H[ However, thi time quantum 
optical nature of the Hamiltonian changes, and nonclas¬ 
sicality of cavity/output modes never observed however 
much the strong the g is within the stability regime 157]. 

In Eig. A = ujm and the system is in perfectly 
stable regime. Eor comparison, gcrt ~ 4 x 10~^uJrn and 
the critical coupling for the induction of instability is 


d+) 


], with 7 m = 10 ® 


ujrn and 


^prp ~ ‘I ~ O.TUJ'JJl 

7c = O.luJm as in experiments [32] . 

We also investigate the regime A = —Um, where in¬ 
stability of the solutions occurs at a very small cavity- 
mechanical coupling that is gpr^ = y/^rni^ ~ 4 x 
[ 33 ] . Interestingly, the imaginary part of the root of 
c+ = 0 (nonanalyticity of index) in Eq. (|^, Im{Ap^^}, 
moves to the upper-half of the complex-cj plane at this 
critical value gpr^. However, we cannot perform simu¬ 
lations above g > , for A = —oom case, since both 



FIG. 2: (a) Noncausal behavior in the linear optical response 
of an optomechanical cavity. One of the nonanalyticities 
of the response function (index) moves to the upper-half of 
the complex-cc plane if cavity-mechanical coupling exceeds 
g > ~ n uJm, See Eq. Here, Ap is the probe 

frequency (incident wave) in the rotating frame, (b) The op¬ 
tomechanical output fields (also reflected/transmitted waves) 
become nonclassical at the same critical cavity-mechanical 
coupling, ~ bccausc a rotating wave approx¬ 

imation is performed in classical treatment, Sec. [Ilj with the 
neglectance of terms. Therefore, the barrier on the 

faster-than-light communication, Sec. |IV| is lifted at the same 
place where nonclassicality of the fields emerge. Single-mode 
nonclassicality can also be visualized as [18] the entanglement 
of identical particles generating photons as quasiparticle exci¬ 
tations. /2 and come out to be equal for different 

values of 7m and n. 


classical [Eq.s (4a)-(4c)] and quantum solutions [Eq. 25 


become unstable in this regime. Nevertheless, we observe 
that output fields do not become nonclassical in the sta¬ 
ble regime g < gpr^. 


VII. CONCLUSIONS 

We show that emergence of nonclassical single-mode 
light from an optomechanical cavity is followed by non¬ 
causal behavior in the linear response of the cavity. The 
nature of emergence of noncausal behavior is indepen¬ 
dent from the length (boundary conditions) and the type 
of the cavity. Anomaly in the linear response emerges due 
to the noncausal matching of the incident and reflected 
waves at the front interface of the cavity. Emergence 
of noncausal behavior is shown to be strongly related 
with the possibility of faster-than-light communication 


















between the source and potential. 

The result of the present paper is intimately related 
with the outcomes of the following studies. Holstein- 
Primakoff mapping for nonclassical fields [18], wormhole 
representation of entanglement in 4D space [TOHIS], dis¬ 
cussion on the constituents of the vacuum [mus], math¬ 
ematical equivalence of faster-than-light source-potential 
com mun ication to violation of causality among fields 
(Sec. [Tv]) and superluminal reference frames in Relativity 

0 - 

If vacuum indeed has constituents na ig , ensem¬ 
ble of these constituents must be superfiuid, since high- 
energetic photons from Crab Nebula reaches the ob¬ 
servers undamped m- Holstein-Primakoff mapping of 
A/'-particle {N large) states to single-mode photon states 
m restricts the particles to occupy the (exchange) sym¬ 
metric Dicke states mum- Hence, if vacuum has con¬ 
stituents -generating photons as quasiparticles- these 
constituents are restricted to symmetrized states. We al¬ 
ready know that collisions (interactions) in symmetrized 
particles (such as Bose-Einstein condensates) are respon¬ 
sible for the induction of superfluidit, rather than creat¬ 
ing damping, see p. 2 in Ref. [23] . 

The emergence of violation of causality -due to faster- 


than-light communication via entanglement- may also be 
related with the theory of relativity. Maxwell equations 
are consistent with relativity laiH]. In relativity, for a ref¬ 
erence frame moving with v > c, the order of events may 
change [9], resulting in violation of causal behavior. Even 
though the fields (electric/magnetic and gravitational) 
are the quantities we observe in typical experiments, po¬ 
tentials are more fundamental quantities in quantum me¬ 
chanics, see discussion in Chapter 2.6 of Ref. [6]. 
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